Abstract. Given a simply-connected closed 4-manifold X and a smoothly embedded oriented surface Σ, various constructions based on Fintushel-Stern knot surgery have produced new surfaces in X that are pairwise homeomorphic to Σ, but not diffeomorphic. We prove that for all known examples of surface knots constructed from knot surgery operations that preserve the fundamental group of the complement of surface knots, they become pairwise diffeomorphic after stabilizing by connected summing with one S 2 r S 2 . When X is spin, we show in addition that any surfaces obtained by a knot surgery whose complements have cyclic fundamental group become pairwise diffeomorphic after one stabilization by S 2 r S 2 .
Introduction
Let X be a smooth closed 4-manifold and Σ be a smoothly embedded surface. An 'exotic embedding' of a surface Σ in X is a smooth embedding in X that is pairwise homeomorphic to Σ, but not diffeomorphic. The 'stabilization' of given pair pX, Σq is the process of connected summing with a standard manifold pair pS 2ˆS2 , Hq or pS 2 r S 2 , Hq, where S 2 r S 2 denotes the non-trivial S 2 bundle over S 2 .
The recent work [3] of Auckly, Melvin, Ruberman, and the author has constructed the first examples of exotic 2-spheres in closed simply-connected 4-manifolds that become pairwise smoothly isotopic after 'single' stabilization by pS 2ˆS2 , Hq. In this context, one can ask if this stabilization phenomenon arises to exotic surfaces with higher genus.
While a great deal of exotic embeddings in 4-manifolds are known through various constructions [9, 8, 11, 18, 19, 20, 21] , interestingly most examples of exotic embeddings for oriented surfaces in simply-connected 4-manifolds derive from the constructions based on 'knot surgery' of FintushelStern [10] . Knot surgery using a knot K in S 3 is the operation of removing a neighborhood of a torus T and replacing it by a product of S 1 and the exterior of the knot K. Fintushel and Stern provided an effective way to detect the change of diffeomorphism type for knot surgery, showing that the Alexander polynomial of K is reflected in the Seiberg-Witten invariant for a knot surgered 4-manifold. This allows one to quickly construct and detect infinite families of exotic smooth structures on a large class of 4-manifolds. Likewise, knot surgery can be used to change a smooth structure of smoothly embedded surface in a 4-manifold. This approach relies on 'ambient surgery' whereby a given surface Σ is surgered to a new surface Σ K pϕq, leaving the ambient manifold X fixed. The rim surgery of Fintushel-Stern [11] , author's twist rim surgery [18] , and Finashin's annulus rim surgery [8] are examples of this technique, underlying most examples of smoothly knotted oriented surfaces in a simply-connected closed 4-manifold.
In the direction of the study of stabilization for exotic smooth structures, Auckly [2] for S 2 r S 2 and Akbulut [1] for S 2ˆS2 proved that a simply-connected 4-manifold X and its knot surgered manifold X K pϕq become diffeomorphic after single stabilization by S 2 r S 2 or S 2ˆS2 , referred to as 1-stably equivalent with the terminology in [3] ; see [5] for the alternative proof. This paper investigates the analogous stabilization question for knotted surfaces produced by all of the known constructions based on knot surgery i.e. rim surgery, twist rim surgery, and annulus rim surgery.
The Wall's stable h-cobordism theorem [31] states that homotopy equivalent, simply-connected 4-manifolds become diffeomorphic after stabilization by some finite number of S 2ˆS2 or S 2 r S 2 . It also holds for embedded surfaces (up to diffeomorphism of pairs) with simply connected complements in a 4-manifold that represent the same homology class [25] . And, in fact, all known examples need only one stabilization to be diffeomorphic. So, the stabilization question for a knot surgered pair pX, Σ K pϕqq would be the following. In this paper, we will use the terminology 'surface knot group' for the fundamental group of surface complement in a 4-manifold. Question 1.1. Suppose that X is simply connected and Σ is an oriented smoothly embedded surface. Let pX, Σ K pϕqq be a pair obtained by a knot surgery from pX, Σq. If Σ K pϕq and Σ have the same surface knot group in X then are they 1-stably equivalent?
This paper answers this question affirmatively for all of the currently known constructions. The precise statements are given in Section 2 (Theorems A, B, C) after we discuss the known techniques for constructing exotic surfaces.
Rim surgery of Fintushel and Stern [11] constructed an infinite family of exotic smooth embedding for surfaces with simply-connected complements in a simply-connected 4-manifold. Finashin used annulus rim surgery [8] for knotting algebraic curves in CP 2 , and produced surfaces that are smoothly not isotopic to algebraic curves for degree d ě 5, but the topological classification of his examples was open. The later work [18] of the author introduced a method, called twist rim surgery, of knotting surfaces that produced exotic embeddings for surfaces with cyclic knot groups in a simply-connected 4-manifold. Applied to algebraic curves in CP 2 , the twist rim surgery leads to the construction of infinitely many exotic smooth structures on algebraic curves of degree d ě 3. For degrees 1 and 2, the surfaces are spheres, and it is not easy to distinguish these by SeibergWitten invariants. The work of Ruberman and author [19] strengthened the criterion from [18] for topological equivalence of surfaces by showing that any surfaces produced by a knot surgery that preserve a cyclic knot group is topologically standard. As a consequence, we deduced that Finashin's examples are topologically standard. Despite some results about the existence of symplectic, noncomplex surfaces as well as smooth surfaces without symplectic structures, the main classical source of examples for smooth embeddings codimension 2 had been complex curves. A subsequent work [20] extended Gompf's theorem about the fundamental group of symplectic manifolds to the relative case, showing that any finitely presented group can be realized as the fundamental group of complement of a symplectic surface in a simply-connected symplectic 4-manifold, whereas the fundamental groups of complement of complex curves are quite restricted. Those examples can be further smoothly knotted by twist rim surgery so that it has led to a large class of exotic embeddings. Another interesting aspect of twist rim surgery is that some iteration of the twist rim surgery gives a way of constructing new smooth surfaces with certain non-abelian finite surface knot group. One consequence is that it gave an infinite family of exotic surfaces in S 2ˆS2 with knot group a dihedral group D 2p , for any odd p.
In this paper, we prove that for all known examples of surface knots constructed from rim surgery, twisted rim surgery, and annulus rim surgery that preserve their surface knot groups, they become pairwise diffeomorphic after 'single' stabilization by pS 2 r S 2 , Hq.
Another result includes an interesting phenomenon in the relative version of stabilization i.e. connected sum with pS 2ˆS2 , Hq or pS 2 r S 2 , Hq. It is known that for a nonspin simply-connected 4-manifold X, essentially due to Wall [30] , X #S 2ˆS2 is diffeomorphic to X #S 2 r S 2 , but surprisingly it is not true for the relative case. Theorem D proves that for a degree d-curve
is not spin i.e. d " even. Finally, we show that if a knot surgery pX, Σq Ñ pX K pϕq, Σ K pϕqq is cyclic, which is defined to be a surgery preserving a cyclic surface knot group [19] , then the pairs are 1-stably equivalent by connected summing with pS 2 r S 2 , Hq in the case that X is spin. Remark 1.2. Note that here we will not impose any extra assumptions on Σ other than that Σ is an oriented smoothly embedded surface in a simply-connected closed 4-manifold X. Recall that the constructions of (twisted) rim surgery and annulus rim surgery can provide exotic embeddings of Σ when Σ is a surface of positive genus and pX, Σq has a non-trivial relative Seiberg-Witten invariant [10, 11, 12, 29] (or a relative Heegaard-Floer invariant as in the version of Mark [23] ).
The main theorems are precisely stated in the next section where it carefully describes when surface knot groups are preserved for each knotting construction. And it includes the proof of Theorem D.
Main Theorems
Before we state our results, the notions of 'equivalence' of embeddings of surfaces in a 4-manifold should be clarified as in [3] : Definition 2.1. Two smoothly embedded surfaces Σ , Σ 1 in a smooth 4-manifold Z are equivalent if there is an orientation preserving pairwise diffeomorphism of pZ, Σq to pZ, Σ 1 q. Two smoothly embedded surfaces Σ , Σ 1 in a smooth 4-manifold X are n-stably equivalent if the natural embeddings Σ , Σ 1 Ă X # nS 2ˆS2 (or nS 2 r S 2 ) are equivalent in X # nS 2ˆS2 (or nS 2 r S 2 ), but not in X # kS 2ˆS2 (or kS 2 r S 2 ) for any k ď n´1.
Note that our constructed exotic 2-spheres in [3] have simply-connected complements and they are 1-stably isotopic which is a stronger notion of equivalence of surfaces. It is still open to see the distinction between equivalence of surfaces up to diffeomorphism and smooth isotopy [27, 28] , while this issue does not arise in the topological case [24, 26] . Here our stabilization by S 2ˆS2 (or S 2 r S 2 ) is taken in the 'outside' of embedded surfaces in X, but there is another notion of stabilization for embedded surfaces, adding an unknotted handle to the surface. The work [6] of Baykur-Sunukjian showed that all constructions of exotic knotting of surfaces produce surfaces that become smoothly isotopic after adding a single handle in a standard way.
Let X be a smooth 4-manifold containing a torus T with a trivial normal bundle and let K be a knot in S 3 with its closed complement EpKq. Fintushel-Stern's knot surgery [10] is the process of removing a neighborhood of T from X and re-gluing S 1ˆE pKq via a diffeomorphism ϕ on the boundary to form X K pϕq " X´νpT q Y ϕ S 1ˆE pKq. Denote by µ T the boundary of the normal disk of T , and let the meridian/longitude of K be µ K and λ K respectively. Here the gluing map ϕ : BνpT q Ñ S 1ˆB EpKq can be chosen by any diffeomorphism such that ϕ˚µ T " λ K . When X is a simply-connected closed 4-manifold, this operation doesn't change the homeomorphism type, while it may change its diffeomorphism type.
Applied to a torus in the exterior of an embedded surface in a closed 4-manifold, the knot surgery can change embeddings of surfaces in 4-manifolds. We assume that X is a smooth simply-connected closed 4-manifold, and Σ is an oriented embedded surface in X throughout the paper. Then the fundamental group π 1 pX´Σq is normally generated by a meridian µ Σ of surface. For a surface Σ carrying a non-trivial homology class in X, the first homology group H 1 pX´Σq is always finite cyclic, of order that we will usually write as d. The process of knotting an embedded surface Σ in X can be obtained by performing knot surgery on a torus in the exterior X´νpΣq, and then gluing pX´νpΣqq K pϕq back in the neighborhood of the surface νpΣq gives a new embedding of Σ in X K pϕq with image Σ K pϕq. In the case of rim surgery, twist rim surgery, and annulus rim surgery, there is a canonical identification between X and X K pϕq so that we can view Σ K pϕq as an embedding in X; see Section 3 for more details of these constructions. In general the resulting homeomorphism/diffeomorphism type of the new embedding Σ K pϕq depends on a choice of torus T , knot K, and gluing map ϕ. Our results show that the surfaces Σ K pϕq and Σ are 1-stably equivalent under some circumstances as follows.
Rim surgery deals with surfaces with simply-connected complements in a simply-connected 4-manifold and doesn't change the fundamental group, so the surface Σ K pϕq is in fact topologically isotopic to Σ by the works in [24, 26] . The following theorem shows the stabilization result for these surfaces.
Theorem A. Suppose that X is a simply-connected closed 4-manifold and Σ is an smoothly embedded oriented surface with π 1 pX´Σq " 1. Let pX, Σ K pϕqq be a pair obtained by a rim surgery. Then pX, Σq # pS 2 r S 2 , Hq is pairwise diffeomorphic to pX, Σ K pϕqq # pS 2 r S 2 , Hq.
Remark 2.2. It turns out that the general 1-stable isotopy principle holds for surfaces with simplyconnected complements. The recent paper [4] of Auckly, Melvin, Ruberman, Schwartz, and the author has shown using Gabai's result [15] that any two homologous surfaces of the same genus embedded in a 4-manifold X with simply-connected complements are smoothly isotopic after single stabilization with S 2ˆS2 if the surfaces are ordinary, and S 2 r S 2 if they are characteristic.
Finashin's annulus rim surgery [8] requires a suitable annulus M -S 1ˆI in X to produce a new surface via knotting Σ along the annulus. This surgery in his paper is given by an explicit geometric description of the surgered surface, but in [19] a knot surgery description for this surgery is provided; see Section 3.3 for this description. It is shown in [8, 19] that annulus rim surgery preserves the surface knot group when π 1 pX´Σq " Z d , and it turns out that the surface Σ K pϕq is topologically isotopic to Σ by the work in [19, Theorem 1.3] .
Theorem B. Suppose that X is a simply-connected closed 4-manifold and Σ is an smoothly embedded oriented surface with π 1 pX´Σq " Z d . Let pX, Σ K pϕqq be a pair obtained by an annulus rim surgery. Then pX, Σq # pS 2 r S 2 , Hq is pairwise diffeomorphic to pX, Σ K pϕqq # pS 2 r S 2 , Hq.
In order to explore this phenomenon for surface knots with arbitrary knot groups, we consider twist rim surgery [18, 19, 20] , a variation of the Finstushel-Stern's rim surgery with additional twists parallel to a meridian and a longitude of a knot K. We write the meridian twist rim surgery as 'm-twist rim surgery' when we wish to indicate the number of twists applied on the meridian of K, and also denote by Σ K pmq the new embedding produced from Σ under the surgery. The way in which m-twist rim surgery affects the fundamental group of a surface knot depends to some degree on the relation between m and d, where H 1 pX´Σq -Z d . For example, when m "˘1, the twist rim surgery always preserves the fundamental group of a surface knot; the proof was given for 1-twist in [20, Proposition 2.3] , but it works for´1-twist in the exactly same way. The 1-twist rim surgery allows us to construct exotic smooth embeddings for a symplectic surface with any finitely presented knot group in a symplectic 4-manifold (see [20, Theorem 3.1, 5 .2] for more details). More generally, Proposition 2.4 in [20] shows when an m-twist rim surgery preserves the fundamental group of surface knots as shown that for a surface Σ Ă X with H 1 pX´Σq -Z d , if pm, dq " 1 and the meridian µ Σ has order d in π 1 pX´Σq, then π 1 pX´Σq -π 1 pX´Σ K pmqq. This criterion is used to produce infinitely many exotic embeddings in S 2ˆS2 with knot group a dihedral group D 2p for any odd p [20, Theorem 5.1] . Note that when π 1 pX´Σq " Z d , the surface Σ K pmq with pm, dq " 1 is topologically isotopic to Σ; see [19, Theorem 1.3] . But for arbitrary surface knot groups, when the knot K is chosen carefully, Σ K pmq is equivalent to Σ up to smooth s-cobordism; see [20] for more details. In all cases that surface knot groups are preserved under twist rim surgery, we show that Σ K pmq and Σ are 1-stably equivalent:
Theorem C. Suppose that the surface Σ Ă X has H 1 pX´Σq -Z d , and let π 1 pX´Σq be any group G. Then the following is true.
(1) pX # S 2 r S 2 , Σq is pairwise diffeomorphic to pX # S 2 r S 2 , Σ K p˘1qq.
(2) If pm, dq " 1 and µ Σ has order d in π 1 pX´Σq then pX #S 2 r S 2 , Σq is pairwise diffeomorphic to pX # S 2 r S 2 , Σ K pmqq.
Now, we give a simple proof to show an interesting phenomenon in this relative stabilization. Wall's stabilization result [30] for a nonspin simply-connected 4-manifold X shows that X # S 2ˆS2 is diffeomorphic to X # S 2 r S 2 , but interestingly it fails as follows:
Proof. If d is odd then it is obvious since CP 2´Σ d is spin. But, we will show that the pairs are still not homeomorphic in the case that d is even so that CP 2´Σ d is not spin. We claim that there is no odd class in H 2 ppCP
where S a and S b denote the first and second generators of H 2 pS 2ˆS2 q respectively. Then it gives rSs¨rΣ d s " kd that must be zero, so k " 0. This implies that there is no odd class in H 2 ppCP
It is worth pointing out that there is no odd class in CP shows that there are 2g 0-framed 2-handles, and a 1-framed 2-handle which is d-times linked with a 1-handle; see Exercises 6.2.12.(c) [17] . For d " even, there is a Z 2 -homology class β of the 1-framed 2-handle and over Z 2 , the intersection form is given by r1s. By the Wu formula, w 2 pCP 2´Σ d q vanishes on α, but has value 1 on the Z 2 -homology class β.
Finally, we focus on the case that π 1 pX´Σq is a cyclic group Z d , and investigate the stabilization problem of knot surgery. As the terminology in [19] , if a knot surgery pX, Σq Ñ pX K pϕq, Σ K pϕqq satisfies that π 1 pX´Σq -π 1 pX K pϕq´Σ K pϕqq is cyclic then the knot surgery is called a cyclic surgery. In [19, Theorem 1.2], Ruberman and the author showed that for any pair pX, Σq that X is simply-connected and Σ is an embedded surface with π 1 pX´Σq -Z d , if a knot surgery pX, Σq Ñ pX K pϕq, Σ K pϕqq is cyclic then there is a pairwise homeomorphism pX, Σq Ñ pX K pϕq, Σ K pϕqq. Thus, it is natural to ask the 1-stable equivalence for the cyclic knot surgery. We answer for this question in the case that X is spin:
Theorem E. Let X be a simply-connected, closed, spin 4-manifold and Σ be an embedded oriented surface with π 1 pX´Σq -Z d . Suppose that the knot surgery pX, Σq Ñ pX K pϕq, Σ K pϕqq is cyclic. Then pX, Σq is pairwise diffeomorphic to pX K pϕq, Σ K pϕqq after one stabilization with pS 2 r S 2 , Hq.
Remark 2.4. In the contrast to the well-known stabilization theorems for simply-connected 4-manifolds, the relative stabilization for cyclic knot surgery doesn't seem to give any general statement for a choice of pS 2ˆS2 , Hq or pS 2 r S 2 , Hq in the case of a nonspin 4-manifold X. Our main argument for stabilization results will rely on proving the 1-stable equivalence of surface knots Σ K i pϕq and Σ K i`1 pϕq for two knots K i and K i`1 related by one crossing change. At each stage of crossing change that will make any knot to an unknot, one cannot assert that the pairs pX K i pϕq, Σ K i pϕqq and pX K i`1 pϕq, Σ K i`1 pϕqq become pairwise diffeomorphic after one stabilization with only pS 2ˆS2 , Hq or with only pS 2 r S 2 , Hq when X´Σ is nonspin. This issue arises because pX K i pϕq, Σ K i pϕqq # pS 2ˆS2 , Hq may not be pairwise diffeomorphic to pX K i pϕq, Σ K i pϕqq # pS 2 r S 2 , Hq as seen in the proof of Theorem D.
Knot surgery constructions to change embeddings in 4-manifolds
Let X be a simply-connected closed 4-manifold and Σ be an embedded oriented surface.
3.1. Twist rim surgery. Let R α be a torus with R α¨Rα " 0 (called a rim torus) that is the preimage in BνpΣq of a closed curve α Ă Σ. Identify the neighborhood νpαq of the curve α in X with S 1ˆIˆD2 " S 1ˆB3 where νpαq in Σ is S 1ˆI . In this trivialization, let β be a pushed-in copy of the meridian circle t0uˆBD 2 Ă IˆD 2 , so it is isotopic to a meridian of Σ. Then the rim torus R α can be written as αˆβ Ă S 1ˆp B 3 , Iq and we will identify a neighborhood νpR α q of R α with αˆpβˆD 2 q Ă S 1ˆp B 3 , Iq. Let K be a knot in S 3 with its closed exterior EpKq, and µ K , λ K denotes a pair of meridian-longitude of K. The m-twists and n-rolls of rim surgery on pX, Σq is defined by pX,
Here the gluing map ϕ : BνpR α q Ñ S 1ˆB EpKq is the diffeomorphism determined by
with respect to a basis tα 1 , β 1 , µ R u for H 1 pBνpR αand trS 1 s, µ K , λ K u for H 1 pS 1ˆB EpKqq, where α 1 , β 1 are the pushoffs of α, β into BνpR α q and µ R denotes a meridian of the rim torus. Such a gluing corresponds to the spinning construction of the rim surgery of Fintushel-Stern i.e. m " n " 0, adding a combination of m-fold twist spinning [32] and n-fold roll spinning [13, 22] . It is useful to specify these twists by classical diffeomorphisms that give equivalent descriptions for the twisted rim surgery.
Consider self-diffeomorphisms denoted by τ and ρ of pS 3 , Kq that correspond to twists parallel to a meridian and a longitude of K respectively. Let BEpKqˆI " KˆBD 2ˆI be a collar of BEpKq in EpKq under a suitable trivialization with 0-framing. Identify K with S 1 -R{Z and then the twist map τ is given by (2) τ pθ, e iψ , tq " pθ, e ipψ`2πtq , tq for pθ, e iψ , tq P KˆBD
2ˆI
and otherwise, τ pyq " y.
Similarly, a roll, ρ, is obtained from ρpθ, e iψ , tq " pθ`t, e iψ , tq by extending as the identity on the rest of pS 3 , Kq.
Although a roll can also produce exotic embeddings, we will only deal with an m-twist rim surgery in this paper since a meridian twist is sufficiently useful to construct all desired smoothly knotted surfaces. Most of the arguments for the stabilization result of the m-twist rim surgery be easily modified to address the rolling as well.
Writing pS 3 , Kq " pB 3 , K`q Y pB 3 , K´q where pB 3 , K´q is an unknotted ball pair, we regard τ as an automorphism of pB 3 , K`q. Since the rim torus R α lies in a neighborhood of the curve α, the twisted rim surgery performed in νpαq -S 1ˆp B 3 , Iq gives rise to the mapping torus of pB 3 , K`q with monodromy given by the twist map τ . So the m-twisted rim surgery on pX, Σq can be written as follows;
In doing any rim surgery (twisted or otherwise) we assume that α Ă Σ is a curve for which there is a framing of νpΣq along α such that the pushoff of α into BνpΣq is null-homotopic in X´Σ. But we don't assume that α is a non-separating curve on Σ, which is necessary to distinguish the diffeomorphism type of Σ K pmq from that of Σ with Seiberg-Witten invariant. Note from [18, Lemma 2.2] that if α bounds a disk in Σ, the surface Σ K pmq is the connected sum of Σ with the m-twist spun knot Kpmq of Zeeman [32] . Our stabilization results include this example as well.
3.2.
Twisted rim surgery and the surface knot group. As mentioned in Section 2,˘1-twist rim surgery always preserves surface knot groups [20, Proposition 2.3] , and also Proposition 2.4 in [20] shows when an m-twist rim surgery preserves the fundamental group. Here we will revisit Proposition 2.4 with more elementary argument (compare the proof in [20] ) since it explicitly provides the presentation of the fundamental group for later use.
Proposition 3.1 (Proposition 2.4 in [20] ). Let π 1 pX´Σq be any group G. Suppose that the surface Σ Ă X has H 1 pX´Σq " Z d and the meridian µ Σ has order d in π 1 pX´Σq. If pm, dq " 1 then π 1 pX´Σ K pmqq is isomorphic to G.
Proof. In order to investigate a presentation of π 1 pX´Σ K pmqq, we first consider the decomposition of X´Σ K pmq induced from (3):
Choosing a base point˚at the intersection of two components in this decomposition (4), we get the following diagram from the van Kampen theorem;
In the diagram, each map is obviously induced by an inclusion and π 1 pS 1ˆp BB 3´t two pointsuqq is generated by two elements rS 1 s and µ. So, the relations in a presentation of π 1 pX´Σ K pmqq are given by i 1 rS 1 s " α 1 which is trivial by the assumption that the pushoff α 1 of α is null-homotopic in X´Σ, and i 1 pµq is a meridian µ Σ of Σ in π 1 pX´Σ´S 1ˆp B 3 , Iqq -π 1 pX´Σq. So, it leads the presentation for π 1 pX´Σ K pmqq as follows: Figure 1 . Associated with the relations, this presentation becomes the following:
If pm, dq " 1 and µ d Σ " 1, it obviously gives π 1 pX´Σq.δ 3.3. Annulus rim surgery. Suppose that there is a smoothly embedded annulus M p-S 1ˆI , where I denotes an interval r´1, 1s) in X such that M meets Σ normally along BM so that M XΣ " BM are two curves α´1 and α 1 on Σ. We assume that Σ´tα´1, α 1 u is connected. Choose a trivialization νpM q Ñ pS 1ˆI qˆD 2 -S 1ˆB3 such that M -pS 1ˆI qˆt0u and νpM q| Σ -S 1ˆf , where f denotes a disjoint union of two unknotted segments BIˆI Ă IˆD 2 " B 3 , a part of the boundary of a trivially embedded band b " IˆI in B 3 (See Figure 2) . So, M is identified with S 1ˆIˆt 0u in S 1ˆb Ă S 1ˆB3 .
Denote by m b a meridian of b in B 3 and let T be a torus in νpM q corresponding to S 1ˆm b Ă S 1ˆp B 3 , f q. Knot surgery along this torus T produces a new surface Σ K pϕq. The simplest gluing ϕ : BνpT q Ñ S 1ˆB EpKq, given by rS 1 s Þ Ñ rS 1 s, m b Þ Ñ µ K , and µ T Þ Ñ λ K , provides the Finashin's annulus rim surgery. This operation obviously yields a band b K Ă B 3 by knotting the band b along K and let f K be the pair of arcs bounding b K . Here the framing of b K is chosen the same as the framing of b. So the resulting manifold of the annulus rim surgery performed on νpM q -S 1ˆp B 3 , f q becomes S 1ˆp B 3 , f K q and we write a new pair as follows:
This construction can be further modified by twists along a meridian and a longitude of K, but we will stick to Finashin's construction; see [19] for other modifications. Note that when π 1 pXΣ q " Z d , any (twisted or otherwise) annulus rim surgery preserves surface knot groups [8] , [19 
Basic Construction
In order to get our main theorems, for two knots K and K 1 related by a single crossing change we will show the 1-stable equivalence on surface knots Σ K pϕq and Σ K 1 pϕq produced by knot surgery. The complete proof for each knotting construction will be given in Section 5.1, 5.2, 5.3 but in this section we first present the key constructions and properties that will be used repeatedly in the proofs of our stabilization results. Suppose that two knots K, K 1 in S 3 differ by a single crossing change, so that the knot K 1 is obtained by performing a˘1-Dehn surgery along a curve c around an oppositely oriented crossing of K as in Figure 3 . Let pX K pϕq, Σ K pϕqq, pX K 1 pϕq, Σ K 1 pϕqq be two pairs obtained by a knot surgery along a torus T Ă X´Σ and gluing map ϕ along the knots K and K 1 respectively. Then we begin by showing that these pairs are related by a torus surgery: Lemma 4.1. A log transform of multiplicity˘1 performed on the pair pX K pϕq, Σ K pϕqq produces pX K 1 pϕq, Σ K 1 pϕqq.
Proof. We first recall that the knot surgered pair is defined as follows:
Here, we denote T c a torus S 1ˆc in S 1ˆE pKq of this decomposition, where c is a curve at a crossing of K as in Figure 3 . Identify a neighborhood νpT c q with S 1ˆp cˆD 2 q, where cˆD 2 is a neighborhood of c in EpKq, and we perform the˘1-log transform parallel to the curve c on T c in pX K pϕq, Σ K pϕqq which is given by the identity in the S 1 direction times the˘1-Dehn surgery along c Ă EpKq. Note that this construction realizes performing a torus surgery along T c in S 1ˆE pKq and gluing back this manifold in pX, Σq´νpT q along their boundaries via ϕ. The resulting manifold is easily identified with pX K 1 pϕq, Σ K 1 pϕqq because there is an obvious diffeomorphism from the log transform of pS 1ˆE pKqq along T c , denoted by pS 1ˆE pKqq Tc , to S 1ˆE pK 1 q which carries each element in a basis trS 1 s, µ K , λ K u of H 1 pBpS 1ˆE pKqq Tc q to each element in trS 1 s, µ K 1 , λ K 1 u of H 1 pS 1ˆB EpK 1respectively. Remark 4.2. When the knot surgery pX, Σq Ñ pX, Σ K pϕqq is an ambient surgery such as (twisted) rim surgery and annulus rim surgery, the above torus surgery on pX, Σ K pϕqq gives rise a new embedding Σ K 1 pϕq in X. And, because π 1 pX K 1 pϕq´Σ K 1 pϕqq -π 1 pX K pϕq´Σ K pϕqq observed from the proof in Lemma 4.1, if a knot surgery pX, Σq Ñ pX, Σ K pϕqq does not change the surface knot group π 1 pX´Σq under some suitable circumstances then the new embedding Σ K 1 pϕq also preserves its knot group. 4.1. Fiber sum and gluing map. A torus surgery of pX K pϕq, Σ K pϕqq along T c can be described as a fiber sum of pX K pϕq, Σ K pϕqq and S 1ˆS3 : Let T u be a standardly embedded torus S 1ˆu in S 1ˆS3 , where u is an unknot in S 3 . Then we write the torus surgered manifold in Lemma 4.1 as a fiber sum along tori T c and T u :
In order to describe the gluing map f : BνpT u q Ñ BνpT c q carefully, identify a tubular neighborhood νpT u q in S 1ˆS3 with S 1ˆp uˆD 2 q, where uˆD 2 is a neighborhood νpuq of u in S 3 . Let a " S 1ˆt ptu Ă S 1ˆu " T u and a 1 denotes its pushoff into BνpT u q. Then ta 1 , m u , l u u forms a basis for H 1 pBνpT uwhere m u , l u are a meridian-longitude pair of u with respect to the identification of νpuq. Similarly, under an identification νpT c q -S 1ˆp cˆD 2 q in S 1ˆE pKq, let γ " S 1ˆt ptu Ă S 1ˆc " T c and m c , l c be a meridian-longitude pair of c. So tγ 1 , m c , l c u gives a basis for H 1 pBνpT c qq, where γ 1 is a pushoff of γ into BνpT c q.
Described in the proof of Lemma 4.1, this construction realizes the product of a˘1-Dehn surgery with S 1 , and note that the meridian m u (longitude l u ) of u is the longitude (meridian) of the solid torus S 3´ν puq that is glued into EpKq´νpcq. So the gluing map f : S 1ˆp uˆBD 2 q Ñ S 1ˆp cˆBD 2 q is determined as follows; (10) f˚pa 1 q " γ 1 , f˚pm u q " m c , and f˚pl u q "˘m c`lc .
In our present purpose, it is important to keep track of the gluing map in this fiber sum, from which we can determine the framing arising in our proof of the stabilization result.
4.2.
Cobordism. In this section, we will construct a cobordism W whose upper boundary is pX K pϕq, Σ K pϕqq Tc # Tu S 1ˆS3 from pX K pϕq, Σ K pϕqq \ S 1ˆS3 . The proof of stable equivalence for surfaces Σ K pϕq and Σ K 1 pϕq will come from the middle level of the constructed cobordism W .
Given pX K pϕq, Σ K pϕqq and S 1ˆS3 , containing tori T c and T u respectively, we obtain W by forming ppX K pϕq, Σ K pϕqq \ S 1ˆS3 qˆI, and attaching a 'doubly round 1-handle' r´1, 1sˆT 2ˆD2 to the upper boundary. In particular, t´1uˆT 2ˆD2 is attached to νpT u q while t1uˆT 2ˆD2 is glued to νpT c q; the attaching map in the first case is the 'identity' with respect to some identification of νpT u q, while the second torus is attached by a diffeomorphism that should realize the gluing map f described in (10) when restricted to the boundary. From this description, it follows that in the upper boundary of W the meridian m u of T u is identified with the meridian m c of T c because the attaching map t1uˆT 2ˆD2 Ñ νpT c q necessarily preserves the normal disk.
We also explicitly give a handle by handle description of W for later work according to a standard handle structure of tori T c and T u and the gluing between them. As in Figure 4 (thicken by D 2 ), a standard handle decomposition of νpT c q " T cˆD 2 can be given by one 0-handle h 0 , two 1-handles h 1 γ , h 1 c , and one 2-handle h 2 , where h 1 γ and h 1 c denote the 1-handles induced by the first and second factors of T c " S 1ˆc respectively. Similarly, νpT u q " T uˆD 2 has one 0-handle h 0 , two 1-handles h 1 a , h 1 u generated by the first and second factors of T u " S 1ˆu , and one 2-handle h 2 . From the handles of these tori, W will be built by adding one 5-dimensional 1-handle H 1 , two 2-handles denoted by H 2 γa , H 2 cu , and one 3-handle H 3 to ppX K pϕq, Σ K pϕqq \ S 1ˆS3 qˆI. To examine this attaching process closely which is basically same as the previous description, note that the handle structure of a neighborhood of a torus simply comes from each 2-dimensional k-handle h k of the torus so that the corresponding 4-dimensional k-handle is of the form h kˆD2 " pD kˆD2´k qˆD 2 . Then we define a 5-dimensional pk`1q-handle H k`1 by pIˆD k qˆD 2´kˆD2 where I denotes the interval r´1, 1s, and the attaching process of a pk`1q-handle H k`1 is described as follows. The discs pt´1uˆD k qˆ0 and pt1uˆD k qˆ0 Ă BpIˆD k qˆ0 are attached to each core of the k-handles of T u and T c respectively, and the rest pIˆBD k qˆ0 connects the boundaries of these cores in B`W k , where W k denotes a handlebody obtained by attaching all handles of index ď k. Moreover, as described before, t´1uˆD kˆD2´kˆ0 and t1uˆD kˆD2´kˆ0 are glued to each 2-dimensional k-handle h k of T u and T c respectively. The boundary of the normal bundle of the torus restricted over the handle t´1uˆD kˆD2´kˆB D 2 is glued to BνpT u q by the identity, and t1uˆD kˆD2´kˆB D 2 is glued to BνpT c q by the diffeomorphism f so that it gives rise to the framing.
We will find out the resulting upper boundary at each stage of attaching handles while we're building a cobordism W from pX K pϕq, Σ K pϕqq\S 1ˆS3 to the fiber sum pX K pϕq, Σ K pϕqq Tc # Tu S 1Ŝ 3 . The level of W after a 1-handle H 1 is obviously the connected sum pX K pϕq, Σ K pϕqq # S 1ˆS3 , and for the rest handles we will give more careful arguments.
Since we're interested in the equivalence of embeddings Σ K pϕq and Σ K 1 pϕq in a same manifold X, one may focus on ambient surgery so that X K pϕq -X. Then all constructions of (twisted) rim surgery and annulus rim surgery will share the following diagram which indicates the boundary at each stage of adding handles:
Our main argument for 1-stable equivalence of Σ K pϕq and Σ K 1 pϕq follows from the middle level of W : Let W k be a handlebody obtained by attaching all handles of index ď k in W . Then from the diagram (11), B`W 2 is pX # S 2 r S 2 , Σ K pϕqq, which will be shown in Lemma 5.4, Theorem 5.6, and 5.7. After adding a 3-handle to W 2 , we would have a cobordism W from pX, Σ K pϕqq \ S 1ˆS3 to the fiber sum which is diffeomorphic to X itself containing the surface Σ K 1 pϕq by Lemma 4.1 and (9). Turning the 3-handle H 3 upside down so that it becomes to attach a 2-handle H 2 to the fiber sum gives a connected sum with S 2ˆS2 or S 2 r S 2 on X. Disregarding the surface Σ K 1 pϕq in the fiber sum, we first note that the level after attaching the 2-handle H 2 to X is same as B`W 2 which is diffeomorphic to X # S 2 r S 2 . But since we're building a relative cobordism, it has to be argued that attaching the 2-handle H 2 gives rise to the pair pX # S 2 r S 2 , Σ K 1 pϕqq on the boundary. This will be verified in Lemma 5.5, Theorem 5.6, and 5.7 so that it will prove the 1-stable equivalence of Σ K pϕq and Σ K 1 pϕq.
When we discuss about the stabilization in Section 6 for the case that knot surgery pX, Σq Ñ pX K pϕq, Σ K pϕqq is cyclic, that is a surgery preserving π 1 pX K pϕq´Σ K pϕqq -π 1 pX´Σq as a cyclic group, the cobordism W will be considered to be from pX K pϕq, Σ K pϕqq \ S 1ˆS3 and it will be shown that the diagram (11) also works for this.
In the following subsections, we will investigate the level of W at each step of adding handles, and give some assertions that will be used in the proof of the stabilization for each knotting construction. For the purpose in this article, the knot surgery pX, Σq Ñ pX K pϕq, Σ K pϕqq is assumed to be cyclic or be an ambient surgery to produce a new surface Σ K pϕq in X throughout the rest of paper, although some proofs may work for more general cases.
Attaching a 2-handle H 2
γa . Note that the homotopy class γa of attaching circle of 2-handle H 2 γa is represented by a curve γ`a in the outer boundary of ppX K pϕq, Σ K pϕqq\S 1ˆS3 qˆI YH 1 as depicted in Figure 5 . We claim that the resulting manifold on the boundary is pX K pϕq#S 4 , Σ K pϕqq.
pXK pϕq, ΣK pϕqqˆt1u
Lemma 4.3. The resulting upper boundary of attaching a 2-handle H 2 γa to W 1 is diffeomorphic to
Proof. We first draw ppX K pϕq, Σ K pϕqq \ S 1ˆS3 qˆI Y H 1 as Figure 6 , which is basically obtained by attaching a 'round handle' R :" S 1ˆS3ˆI , where S 1 denotes a 1-handle of S 1 , to the outer boundary pX K pϕq, Σ K pϕqqˆt1u along BS 1ˆS3ˆI . One can see that γ`a is isotoped in X K pϕq#S 1ˆS3´Σ
K pϕq to a as demonstrated in Figure 7 so that it yields a pairwise diffeomorphism
Since attaching a 2-handle along γ`a gives the effect on the boundary that surgers out the curve a " S 1ˆp t of the second summand S 1ˆS3 in X K pϕq # S 1ˆS3 , so the result follows.
cu and a dual handle H 2 of 3-handle H 3 . We now deal with the next 2-handle H 2 cu and the dual 2-handle H 2 of 3-handle H 3 in building W . The level of our relative cobordism W after adding those handles will have more subtle issues on the framing that will depend on each knotting construction, and so the details of the analysis for the boundary will be referred to the next following sections. But here we will first focus on the ambient manifold to study the boundary after adding the handles without concerning surfaces. Figure 7 . Isotopy of round handle R As seen in Lemma 4.3, the level of W after adding a 2-handle H 2 γa is diffeomorphic to X K pϕq # S 4 -X K pϕq. Note that any knot surgery pX, Σq Ñ pX K pϕq, Σ K pϕqq preserves the fundamental group of the ambient manifold, so X K pϕq is simply-connected and adding another 2-handle H 2 cu along the curve c`u in X K pϕq# S 4 gives rise a connected sum with a S 2 -bundle over S 2 on X K pϕq. The following lemma determines the framing.
Lemma 4.4. Attaching a 2-handle H 2 cu to X K pϕq provides a connected sum with the twisted S 2 -bundle over S 2 so that B`W 2 is diffeomorphic to X K pϕq # S 2 r S 2 .
Proof. Since c is nullhomoptic in X K pϕq, it bounds a disk D 0 in X K pϕq that may be assumed to be embedded in closed 4-manifolds and intersect with the surface Σ K pϕq. As described in Section 4.2 about W , the 2-handle H 2 cu " D 2ˆD3 " pIˆD 1 qˆD 3 is attached so that t˘1uˆD 1ˆ0 are glued to the cores of the 1-handles h 1 u , h 1 c in the tori T u , T c . And, we split the D 3 as IˆD 2 so that t˘1uˆD 1ˆIˆ0 is glued to the 2-dimensional 1-handle h 1 of each torus T u , T c and the normal t˘1uˆD 1ˆIˆD2 corresponds to the normal bundle of the torus restricted over the handle. So the gluing map f˚pl u q "˘m c`lc in (10), expressed with the meridian-longitude defined from the disk D 0 , gives rise to the framing of attaching this 2-handle which is same as the framing of the surgery along the curve c on the boundary. It verifies that the framing relative to the disk D 0 is odd, and therefore the surgery gives the twisted S 2 -bundle over S 2 .
Turning the cobordism W upside down, denoted by W˚, yields a dual 2-handle H 2 of the 3-handle which is attached to a collar B`WˆI " B´W˚ˆI -X K 1 pϕqˆI. Again this attaching will give a S 2 -bundle over S 2 on X K 1 pϕq as follows.
Lemma 4.5. The level of W˚after adding a dual 2-handle H 2 is diffeomorphic to X K 1 pϕq#S 2 r S 2 .
Proof. The 3-handle H 3 " D 3ˆD2 " IˆD 2ˆD2 is attached in the same way of the proof of Lemma 4.4 as the parts t˘1uˆD 2ˆ0 of attaching sphere are glued to the 2-handles h 2 Tu , h 2
Tc
of the tori T u , T c respectively. And the normal disk of T u is a cocore of H 3 whose boundary will be the attaching circle of its dual 2-handle H 2 glued in BνpT c q according to f . So as given in (10) f˚pm u q " m c , the 2-handle H 2 is attached to a meridian circle to c in S 1ˆE pKq Ă X K pϕq. Since the fiber sum of X K pϕq with S 1ˆS3 is diffeomorphic to X K 1 pϕq, we need to see where the dual 2-handle is attached in X K 1 pϕq. It follows from that the diffeomorphism is done by˘1-Dehn twist along the curve c in EpKq trivially multiplied by S 1 . Placing a meridian circle m c to c in Figure 3 , then blowing down to arrive at the right hand side of that figure: in the process, the meridian circle becomes a circle c 1 that links the crossing of K 1 in the same way that c links the crossing of K. Moreover, this picture verifies the fact that the framing on c 1 should be odd, since the dual 2-handle (corresponding to the meridian of c) will have framing 0, which becomes˘1 after blowing down.
In the next following sections, we will verify the rest process in the digram (11) and prove the 1-stable equivalence of the surfaces Σ K pϕq, Σ K 1 pϕq according to each knotting construction of surfaces.
5. 1-stable equivalence of knotted surfaces 5.1. Twist rim surgery. Let π 1 pX´Σq be any group G, and suppose that the surface Σ Ă X carries a nontrivial homology class with H 1 pX´Σq " Z d . Then our key theorem is stated as follows:
Theorem 5.1. Suppose that two knots K, K 1 in S 3 differ by a single crossing change. If pX, Σ K pmqq is a pair produced by an m-twist rim surgery such that either m "˘1 or the meridian µ Σ has order d in π 1 pX´Σq and pm, dq " 1, then pX # S 2 r S 2 , Σ K pmqq is pairwise diffeomorphic to pX # S 2 r S 2 , Σ K 1 pmqq.
To prove Theorem 5.1, we now turn to the 2-handle H 2 cu and 3-handle in the diagram (11).
I. Attaching a 2-handle H 2 cu . Lemma 4.3 has shown that the upper boundary after adding a 2-handle H 2 γa is diffeomorphic to pX # S 4 , Σ K pmqq, and from Lemma 4.4 adding another 2-handle H 2 cu along the curve c`u in pX # S 4 , Σ K pmqq gives X # S 2 r S 2 for the ambient manifold. But since our stabilization is performed in the 'outside' of the surface Σ K pmq, we first show that c is nullhomotopic in X´Σ K pmq: Proposition 5.2. Suppose that Σ Ă X is a surface carrying H 1 pX´Σq " Z{d. If either m "˘1 or the meridian µ Σ has order d in π 1 pX´Σq and pm, dq " 1, then the curve c is nullhomotopic in X´Σ K pmq.
Proof. Since c is a curve at an oppositely oriented crossing of a knot K as in Figure 3 , its homotopy class c can be expressed as g´1µ´1 K gµ K in terms of some element g P π 1 pEpKqq. It easily follows from the presentation (7) for π 1 pX´Σ K pmqq in Proposition 3.1 that c " g´1µ´1 K gµ K " 1 when either m "˘1 or µ d Σ " 1 and pm, dq " 1.
Remark 5.3. Proposition 5.2 asserts that we can find a disk D Ă X´Σ K pmq such that BD " c, and in general it will be an immersed disk. But since the circle c lies the interior of the 4-manifold X´Σ K pmq, we simply pipe the self-intersection of intpDq off of its boundary to make it an embedded disk. It follows that there is an induced diffeomorphism from any surgered manifold of X along c to the connected sum of X with a S 2 -bundle over S 2 i.e. pX, Σ K pmqq # pS 2ˆS2 , Hq or pS 2 r S 2 , Hq. Note that pX, Σ K pmqq # pS 2ˆS2 , Hq is obtained from X by surgery on c with the framing determined by the unique normal framing of D, and pX, Σ K pmqq # pS 2 r S 2 , Hq is obtained with the other framing. To address the framing, we will explicitly find a disk and examine the framing of surgery relative to the disk. We will repeat this argument for the framing in Lemma 5.4, 5.5 and other constructions Theorem 5.6, 5.7, and Theorem E. Note that throughout this paper it may be assumed that the existing disk D bounding the circle c is an embedded disk by using the piping operation in the interior of the complement of surface Σ K pϕq. In fact, for our purpose this step is unnecessary in Lemma 5.4, 5.5, Theorem 5.6, 5.7 as we will see that the existence of immersed disk is sufficient, but it is not harmful to do it. We first recall that twist rim surgery is performed along a rim torus in νpαq -S 1ˆp B 3 , Iq so that it produces the mapping torus S 1ˆτ m pB 3 , K`q; see (3). So we view the torus T c " γˆc " S 1ˆc Ă S 1ˆE pKq used in a log transform in Lemma 4.1 is lying in the mapping torus S 1ˆτ m pB 3 , K`q; see Figure 8 , and so the curve c is in S 1ˆτ m pB 3´K`q .
Lemma 5.4. The upper boundary of 2-handlebody W 2 in the cobordism W is diffeomorphic to pX # S 2 r S 2 , Σ K pmqq.
Proof. Attaching a 2-handle H 2 cu gives a surgery along c in pX, Σ K pmqq -pX # S 4 , Σ K pmqq. This curve c obviously bounds an embedded disk D 0 in the component S 1ˆτ m pB 3 , K`q of the decomposition (3) for pX, Σ K pmqq that intersects with Σ K pmq at two points as in Figure 8 . Using the disk D 0 , we denote by ψ 0 the surgery framing induced from attaching the 2-handle H 2 cu . Note that there is a framing determined by the unique normal framing of D 0 , but by Lemma 4.4, our framing ψ 0 on c " BD 0 relative to this disk is the other one so that it doesn't extend over D 0 . To investigate the framing on c in X´Σ K pmq, we shall find a disk D bounding c in the complement of Σ K pmq, and compare ψ 0 with the framing ψ on c determined by the disk D. This can be checked by computing xw 2 pXq, rD 0 Y´Dsy since ψ 0 " ψ (mod 2) ô xw 2 pXq, rD 0 Y´Dsy " 0.
To find the disk D, we shall chase the homotopy class c in the presentation for π 1 pX´Σ K pmqq given in Proposition 3.1. Referring to the decomposition (4) for X´Σ K pmq, we first claim that c bounds a punctured torus in S 1ˆτ m pB 3´K`q . The twist map τ along a meridian of K gives a relation τ m pgq " µ´m K gµ m K for all g P π 1 pB 3´K`q , which is same as µ´1 K gµ K under the assumption on m in our theorem. And since the homotopy class c is g´1µ´1 K gµ K for some g P π 1 pB 3´K`q , it is same as g´1τ m pgq, which obviously bounds a punctured torus in S 1ˆτ m pB 3´K`q ; see the first picture in Figure 9 . Now consider a relation δ´1gδ " τ m pgq in π 1 pS 1ˆτ m pB 3´K`where δ denotes a generator rS 1 s of π 1 pS 1ˆτ m pB 3´K`q ,˚q in Figure 1 , so a curve representing δ´1g´1δτ m pgq bounds a disk D 1 as in the first picture of Figure 9 . And, δ is nullhomotopic in X´Σ K pmq from the presentation (6) in Proposition 3.1, so it bounds a disk D 2 in X´Σ´S 1ˆp B 3 , Iq. Adding this relation to the presentation of c, we write c " δ´1g´1δτ m pgq, which bounds a disk D " D 1 Y D 2 Y´D 2 in X´Σ K pmq as depicted in the second picture of Figure 9 .
It remains to compare the framings ψ 0 , ψ. Note that the element rD 0´D s P H 2 pXq is same as rD 0´D1 s P H 2 pS 1ˆτ m pB 3 , K`qq represented by a torus; see the second picture in Figure 9 , which is trivial in H 2 pS 1ˆτ m pB 3 , K`qq " 0, so does in H 2 pXq. This shows w 2 pXq vanishes on this class, from which our result follows.
II. Attaching a dual handle H 2 of 3-handle H 3 . Turning W upside down, the 3-handle provides adding a 2-handle H 2 to B`W " X Tc # Tu S 1ˆS3 -pX, Σ K 1 pmqq in our relative cobordism. As it turns out in Lemma 4.5, a key point is that the dual handle H 2 is attached to a curve c 1 at a crossing of K 1 and its framing, disregarding surface knot Σ K 1 pmq in X, is shown to be twisted. But since we're building a relative cobordism from the top, we will find a disk D in X´Σ K 1 pmq bounding c 1 , and then examine the surgery framing relative to this disk D. The idea is same as before, so it is basically to find a dual sphere of the attaching sphere of H 3 that doesn't intersect with Σ K 1 pmq and determine its framing.
Lemma 5.5. The upper boundary of B´W˚ˆI Y H 2 is diffeomorphic to pX # S 2 r S 2 , Σ K 1 pmqq.
Proof. Since H 2 is attached along a curve c 1 at a crossing of K 1 which is in S 1ˆE pK 1 q Ă pX, Σ K 1 pmqq as shown in Lemma 4.5, the curve c 1 bounds a disk D 0 in S 1ˆτ m pB 3 , K 1 q intersecting with Σ K 1 pmq at two points in the same way that c does in Figure 8 . And the surgery framing coming from adding the 2-handle on c 1 relative to D 0 does not extend over the full disk D 0 . Proposition 5.2 shows under our current assumption on m that c 1 is nullhomotopic in X´Σ K 1 pmq, so this surgery gives pS 2ˆS2 , Hq or pS 2ˆS2 , Hq on pX, Σ K 1 pmqq. The hypothesis on m in Σ K 1 pmq allows one to find a disk D in X´Σ K 1 pmq with the exactly same argument in Lemma 5.4 and show that the framing on c 1 relative to D is equivalent to the one relative to D 0 up to (mod 2).
Lemma 5.4 and 5.5 show that pX # S 2 r S 2 , Σ K pmqq -B`W 2 " B`pB´W˚ˆI Y H 2 q -pX # S 2 r S 2 , Σ K 1 pmqq, so it completes the proof of Theorem 5.1.
Rim surgery.
Finshel-Stern's rim surgery is the case m " 0 of m-twist rim surgery. Let Σ be an embedded surface in a simply-connected 4-manifold X with π 1 pX´Σq " 1. As discussed in Section 3.1, the rim surgery performed in a neighborhood νpαq -S 1ˆp B 3 , Iq of a curve α Ă Σ produces S 1ˆp B 3 , K`q i.e. m " 0 in (3). Theorem 5.6. Suppose that two knots K, K 1 in S 3 differ by a single crossing change. If Σ K pϕq and Σ K 1 pϕq are surface knots obtained by rim surgery then pX # S 2 r S 2 , Σ K pϕqq is pairwise diffeomorphic to pX # S 2 r S 2 , Σ K 1 pϕqq.
Proof. Lemma 4.3 asserts that the level of W after adding a 1-handle H 1 and a 2-handle H 2 γa is pX # S 4 , Σ K pϕqq. At the stage of adding the next 2-handle H 2 cu along c`u, the curve c is nullhomotopic in X´Σ K pϕq because π 1 pX´Σ K pϕqq " 1, so the surgery provided from the 2-handle gives a connected sum of pS 2ˆS2 , Hq or pS 2 r S 2 , Hq on the exterior of the surface. We now need to handle with the framing issue. Since c bounds a disk D 0 in S 1ˆp B 3 , K`q Ă pX, Σ K pϕqq intersecting at two points with Σ K pϕq as in Figure 8 , this disk specifies the framing ψ 0 on the curve c induced from the 2-handle H 2 cu , which doesn't extend over D 0 by Lemma 4.4. To find a disk D with BD " c in X´Σ K pϕq, note that c is at a crossing of the knot K, so it bounds an obvious punctured torus T˚in EpKq consisting of two generators; a meridian µ K of K and some g P π 1 pEpKqq represented by a blue curve as in Figure 10 . Since π 1 pX´Σ K pϕqq is trivial, the image of π 1 pS 1ˆE pKqq is trivial so that the curve g bounds a disk D 2 in X´Σ´νpR α q where R α denotes the rim torus given by a curve α Ă Σ. Cutting T˚along g and filling with two oppositely oriented disks D 2 Y´D 2 gives a disk D bounding c in X´Σ K pϕq.
If ψ denotes the framing on c relative to the disk D, it readily follows that ψ is equivalent to ψ 0 (mod 2) by showing xw 2 pXq, rD 0 Y´Dsy " 0. This is because rD 0 Y´Ds " rD 0 Y T˚s is represented by a torus in S 1ˆp B 3 , K`q, which vanishes in H 2 pS 1ˆp B 3 , K`qq " 0, so does in H 2 pXq. Thus, the level B`W 2 is diffeomorphic to pX # S 2 r S 2 , Σ K pϕqq. Now turn W upside down and note that as shown in Lemma 5.5, the dual 2-handle H2 of the 3-handle is attached to the curve c 1 in S 1ˆE pK 1 q which is again nullhomotopic in X´Σ K 1 pϕq since π 1 pX´Σ K 1 pϕqq " 1, and so the dual 2-handle gives S 2ˆS2 or S 2 r S 2 on the exterior of Σ K 1 pϕq in X. Repeating the same argument in the above with c 1 in pX, Σ K 1 pϕqq, one can show that the framing of the surgery induced by the 2-handle H2 is twisted and so it proves our theorem. 5.3. Annulus rim surgery. Our setting is given as in Section 3.3, and recall that the Finashin's construction is a knot surgery along a torus in a neighborhood νpM q -S 1ˆp B 3 , f q to produce S 1ˆp B 3 , f K q " S 1ˆp B 3 , f q´S 1ˆp m bˆD 2 q Y ϕ S 1ˆE pKq with the gluing rS 1 s Þ Ñ rS 1 s, m b Þ Ñ µ K , and µ T Þ Ñ λ K . Furthermore, it is not hard to see that π 1 pX´Σ K pϕqq is preserved when π 1 pX´Σq " Z d by applying the Van Kampen theorem for the decomposition (8) of X´Σ K pϕq. In this computation, we see that the generators rS 1 s, µ K of π 1 pS 1ˆE pKqq are trivial in π 1 pX´Σ K pϕqq, so the image of π 1 pS 1ˆE pKqq is a trivial subgroup of π 1 pX´Σ K pϕqq; see [8] , [19, Proposition 3.3] for more details. In this circumstance, the same argument in the rim surgery case works here.
Theorem 5.7. Suppose that two knots K, K 1 in S 3 differ by a single crossing change. If Σ K pϕq and Σ K 1 pϕq are surface knots obtained by annulus rim surgery then pX, Σ K pϕqq # pS 2 r S 2 , Hq is pairwise diffeomorphic to pX, Σ K 1 pϕqq # pS 2 r S 2 , Hq.
Proof. We just begin with the 2-handle H 2 cu attached along c`u in pX#S 4 , Σ K pϕqq from Lemma 4.3. Since c is a curve at a crossing of K and the annulus rim surgery is performed on a neighborhood νpM q, the curve c lies in the resulting manifold S 1ˆp B 3 , f K q " S 1ˆp B 3 , f q´S 1ˆp m bˆD 2 q Y ϕ S 1ˆE pKq. And, it is nullhomotopic in X´Σ K pϕq since the image π 1 pS 1ˆE pKqq is trivial in π 1 pX´Σ K pϕqq as shown in [8] , [19, Proposition 3.3] . So we sketch the exactly same argument in Theorem 5.6.
There exists an embedded disk D 0 bounding c in S 1ˆp B 3 , f K q that intersects with Σ K pϕq at 'four points', and the surgery framing relative to the disk D 0 , coming from the 2-handle H 2 cu , doesn't extend over D 0 by Lemma 4.4. Since c bounds a punctured torus T˚in EpKq and the image π 1 pS 1ˆE pKqq is trivial in π 1 pX´Σ K 1 pϕqq, the argument in Theorem 5.6 gives a way to find another disk D in X´Σ K pϕq bounding c. It readily follows that the framing on c relative to D is also twisted since the homology class rD 0 Y´Ds is represented by a torus rD 0 Y T˚s in H 2 pS 1ˆp B 3 , f K" 0. So w 2 pXq vanishes on this class, from which we have B`W 2 -pX # S 2 r S 2 , Σ K pϕqq.
Finally, turn W upside down. By Lemma 4.5, the dual 2-handle H2 of the 3-handle is attached along a curve c 1 in S 1ˆE pK 1 q, which has a trivial π 1 in π 1 pX´Σ K 1 pϕqq so that the attaching circle c 1 is nullhomotopic in X´Σ K 1 pϕq. One simply proceeds the above argument to show that the boundary B`pB´W˚ˆI Y H 2 q is diffeomorphic to pX # S 2 r S 2 , Σ K 1 pϕqq, and hence our result follows.
Remark 5.8. A crucial point of our argument for the case of rim surgery and annulus rim surgery is that the image π 1 pS 1ˆE pKqq is trivial in π 1 pX´Σ K 1 pϕqq. This allows us to exhibit a disk bounding c easily as we first find a punctured torus T˚with BT˚" c in EpKq and surger out one of two generators of T˚using a disk bounding the circle. But the difference in twist rim surgery is that one cannot proceed this argument, and so we enlarge S 1ˆE pKq to the surgered manifold S 1ˆτ m pB 3 , K`q of a neighborhood of a curve on Σ and use the fact that the image of π 1 pS 1ˆτ m pB 3´K`in π 1 pX´Σ K pmqq is a cyclic subgroup generated by the meridian of Σ K pmq under our hypothesis in Proposition 5.2. Proof of Theorem A, B, and C. Suppose that pX, Σ K pϕqq is a pair constructed from rim surgery, twisted rim surgery, and annulus rim surgery on pX, Σq, and assume that it preserves its surface knot group under the given hypothesis of Theorems A, B, C. For any knot K in S 3 , there is a sequence of knots K 1 " K, K 2 ,...., K n , with the unknot K n , by crossing changes i.e.˘1-Dehn surgery along disjoint n-curves tc i u i"1,..n in EpKq. So, for each i the pair pX, Σ K i`1 pϕqq is obtained by a (˘1)-log transform along a torus T c i in pX, Σ K i pϕqq. And at each stage, the surface knot group π 1 pX´Σ K i pϕqq is preserved for each knotting construction so that Theorem 5.1, 5.6, and 5.7 assert that Σ K i pϕq is equivalent to Σ K i`1 pϕq in X #S 2 r S 2 , and hence we deduce that pX #S 2 r S 2 , Σ K pϕqq is pairwise diffeomorphic to pX # S 2 r S 2 , Σ Kn pϕqq where K n is unknot.
In [19, Lemma 2.2] , it is shown that for the unknot K n , any knot surgery on X´νpΣq along a torus T Ă X´νpΣq and a gluing ϕ with ϕpµ T q " λ Kn gives a diffeomorphism pX´νpΣqq Kn Ñ X´νpΣq that is the identity on the boundary. Thus, pX, Σ Kn pϕqq -pX, Σq so that this proves our main theorems.
Stabilization for Cyclic knot surgery
Proof of Theorem E. We shall follow the standard argument for the 1-stable equivalence shown in the previous knotting constructions, so the first step is to show that for any two knots K and K 1 related by a single crossing change, the cyclic knot surgered pairs pX K pϕq, Σ K pϕqq and pX K 1 pϕq, Σ K 1 pϕqq become pairwise diffeomorphic after connected summing with pS 2 r S 2 , Hq.
We work with the cobordism W constructed in Section 4.2, and the level of W after adding a 1-handle H 1 and a 2-handle H 2 γa was shown in Lemma 4.3 to be diffeomorphic to pX K pϕq#S 4 , Σ K pϕqq. The rest argument about the 2-handle H cu and 3-handle H 3 is the following.
Lemma 4.4 shows that attaching the 2-handle H cu along a curve c in pX K pϕq, Σ K pϕqq gives rise to X K pϕq # S 2 r S 2 for the ambient manifold. This means that its framing on c is determined by an embedded disk D 0 in X K pϕq that may intersect with Σ K pϕq and the framing does not extend over D 0 . To consider the framing in the complement of surface knot, we note that c is also nullhomotopic in X K pϕq´Σ K pϕq because the element c is g´1µ´1 K gµ K for some g P π 1 pEpKqq and π 1 pX K pϕq´Σ K pϕqq is cyclic. So there is a disk D spanning c in X K pϕq´Σ K pϕq that may assume to be embedded as discussed in Remark 5.3. The framing of surgery along c relative to D can be compared with the one relative to the disk D 0 by evaluating w 2 pX K pϕqq on the class rD 0 Y´Ds, which is zero because X K pϕq is spin. Thus, the level B`W 2 is diffeomorphic to the pair pX K pϕq # S 2 r S 2 , Σ K pϕqq.
Turning the 3-handle upside down, it was shown in Lemma 4.5 that its dual 2-handle gives a surgery along c 1 on pX K 1 pϕq, Σ K 1 pϕqq, where the curve c 1 is at an oppositely oriented crossing of K 1 . Again since π 1 pX K 1 pϕq´Σ K 1 pϕqq is cyclic, c 1 is nullhomotopic in X K 1 pϕq´Σ K 1 pϕq so that the surgery from the dual 2-handle yields a connected sum of pS 2ˆS2 , Hq or pS 2 r S 2 , Hq on the boundary. In the middle level of W between 2-handles and a 3-handle, we will have a pairwise diffeomorphism pX K pϕq # S 2 r S 2 , Σ K pϕqq Ñ pX K 1 pϕq # S 2ˆS2 , Σ K 1 pϕqq or pX K 1 pϕq # S 2 r S 2 , Σ K 1 pϕqq. But it must be the pair pX K 1 pϕq # S 2 r S 2 , Σ K 1 pϕqq because both ambient manifolds X K pϕq and X K 1 pϕq are spin.
For the rest argument, the proof in Section 5.4 applies for the case of cyclic knot surgery with no extra effort.
